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Abstract

In this paper, we investigate the optimal strategy for a pension member in a defined
contribution pension scheme under a market with inflation and minimum guarantee. We
assume the contribution process includes the mandatory contribution and a supplementary
contribution to amortize the pension fund which is assumed to be stochastic. Next, the
management of the pension considers investments in cash, stock and inflation-linked bond to
maximize the expected return of his member at the time of retirement. Using stochastic optimal
control method, we derived an optimized problem from the Hamilton Jacobi Bellman (HJB)
equation for the value function. Furthermore, we obtain the closed form solution of the optimal
strategy for the three assets using constant absolute risk aversion (CARA) utility function and
observed that the supplementary contributions has a direct effect on the inflation-linked bond
and cash only.

Keyword: DC Pension scheme, HJB, optimal investment strategy, inflation, supplementary
contribution, minimum guarantee.

1. Introduction

The asset selection problem for a defined contribution pension scheme is a fundamental
problem in the area of mathematics of finance and this has triggered a lot of researchers to
engage in researching in this area.

Two major types of pension scheme has emerged in the past years in which members of the
pension scheme can involved themselves in and this include the defined benefit (DB) and
defined contribution (DC). In DB scheme, the employers bear the burden of contribution and
the members benefits are defined based on some factors such as age, years of service, level of
income etc while in DC scheme, members contribute a specific percentage of their earnings to
their pension account and their benefit depend on the expected investment returns. Following
the involvement of investment, there is need to understand appropriate ways to invest in order
to yield optimal returns and this study has been carried out by many authors some of which
include Cairns et al (2006) where they investigated optimal dynamics asset allocation for
defined contribution pension scheme by studying the various properties of the optimal asset
allocation strategy with and without non-hedge able salary risk and the significance of the
alternative optimal strategy pension providers. Gao (2008), studied asset allocation problem
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under stochastic interest. Blake et al (2012), studied asset allocation problem under a loss-
averse preference. Akpanibah and Oghen’oro (2018) studied impact of additional voluntary
contribution on the optimal investment strategy in a DC pension scheme with multiple
contributors. Also Boulier et al (2001), Xiao et. al (2007), Battocchio and Menoncin (2007),
Osu et al (2018), Gerrard et al (2004), Akpanibah and Samaila (2017), Njoku et al (2017) etc
studied optimal portfolio problems under various conditions.

The study of optimal investment strategy in a DC pension scheme with minimum guarantee
has been studied by some authors, some of which include Nkeki and Nwozu (2012) in their
study, their aim was to determine the optimal portfolio values that depend on the minimum
guarantee. They observed that a certain fraction of the wealth has to be transferred into the cash
account from the indexed bond and stock portfolio to relax the effect of the inflation. In
Deelstra et al (2003) the pension manager invests initial wealth and the stochastic contribution
into the financial market where the stochastic interest followed the CIR model. Othusitse and
Xiaoping (2015) investigate optimal investment problem under inflationary market with
minimum guarantee; they introduce a supplementary contribution to amortize the pension
scheme and obtain the optimal strategy using constant relative risk aversion (CARA) utility
function. In this paper, we modify the work of Othusitse and Xiaoping (2015) by assuming that
the supplementary contribution is stochastic unlike in Othusitse and Xiaoping (2015), where
the supplementary contribution was deterministic. We will obtain the optimal investment
strategy using the constant absolute risk aversion (CARA) utility function.

2. Investment in Financial Market

Let the financial market be complete and frictionless which is continuously open over a fixed
time interval 0< t < T, where Tis the retirement time of a given plan member

Suppose the market is complete and frictionless which is continuously open over a fixed time
interval 0< t < T, where Tis the retirement time of a given plan member and is made up of a
risk free asset (cash) and two risky assets(stock and inflation linked bond). Also, consider a
complete probability space (Q, F, P) where Q is a real space and P is a probability measure, F
is the filtration and represent the information generated by the standard two dimensional
Brownian motion {B,(t), B;(t)} whose sources of uncertainties are stock market and inflation
rates respectively. The two Brownian motions are related as follows

dBo(t)dB (t) = 2 p (1)
Let D.(t) denote the price of the risk free asset whose dynamics is given as

dD.(t) = rr(t)D.(t)dt )
Where 1 (t) is the real interest rate generated by the risk free asset and is described

drg(t) = (Po — P1TRr (t))dt + ordB, 3)

pois the long term mean level, p,is the rate of mean reversion and oy is the instantaneous
volatility of the real interest rate

Let D, (t) denote the price of the risk free asset, whose dynamic is given as

dDs(t) = Dg(rg(t) + uy01 + p0,9)dt + 01dBy+0,dB,) 4)
Where 9 is the inflation price market risk, u; and u, are the instantaneous risk premiums
associated with the positive volatility constants, o; and o, as in Deelstra et al (2000).

Let Dy (t, I(t)) denote the price of the inflation indexed bond and the dynamics is given by
dpg(tI(t)) _

ppctiy = (&) +030)dt + o3dB, -
Let the salary of the pension member be described by the stochastic differential equation
"LL(—(t? =y, dt + o,dB, + 0;dB; o
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Where u;, is the instantaneous rate of the salary, o, and o; are the volatility of the stock and
inflation respectively.
Next, we assume that the contribution process is given by

dc(t) = adt + BdB, (7
Where « is the mandatory contribution and g is supplementary contribution into the pension
account.

3. Minimum Guarantee

The minimum guarantee at any time (te[0, T]) is represented by the equation below

g = [ h(@Dc()e!TDdr ®)
From Nkeki and Nwozo (2013) and Othusitse and Xiaoping (2015), we defined the expected
minimum guarantee process as follows

Definition 1
The value of the expected minimum guarantee process is defined as
F(8) = Elg®)] = B |[; hDe@e'TDde,t 2 0 ©)

Where E, is the conditional expectation, h(t) is a discounting factor that adjust the real interest
rate to the market price risks.

The discounting factor h(t), is given by the SDE

dh(t) = h(t)(rg(t)dt — m;dBy, — m,dB;) (10)

4. Wealth Formulation

Let W(t) denote the wealth of the pension fund at t € [0, T], let 65 denote the proportion of
the fund invested in stock, 8zthe proportion to be invested in inflation linked bond and6, =
1 — 65 — B85, the proportion invested in cash. Hence the dynamics of the pension wealth is
given by

_ dD¢(t) dDp(t,I(t)) dDy(t)

dw(t) = 6. W(t) Y0 + 05(OW (L) Dp(I D) + 6, W (t) 0 + dc(t) (12)
_ apc(t) dpg(t1(1)) dDs(t)

dW(t) = (1 - 95 - GB)W(t) Do(0) + HB(t)W(t) m + HSW(t) m + dC(t) (12)

Substituting (2), (4) and (5) into (12) we have
dW(t) = (1 — 05 — )W ()rg(t)dt + 85 ()W (t) ((rz(t) + 039)dt + 03dB,) +

O W (t)(rg(t) + w01 + py0,9)dt + 0,dBy+0,dB,) + adt + BdB; (13)
dW(t) = (W(t)(TR (t) + 65[.110-1 + 65[.120-219 + 630-319) + a)dt + W(t)eso-ldBo +
(W () (026 + 0g03) + B)dB, (14)

5. Optimization Problem

In this section we are interested in maximizing the utility of the plan contributor’s terminal
wealth. Let H,represent the utility attained by the plan contributor from a given state w at time
tas

Mo (t,,w) = Eg[UW(T) — Fp) LW(&) =w,F(t) =], (15)

wheret is the time and w is the wealth. Our aim is to obtain the optimal value function
M (t,w) = sup My(t,w) (16)
6

and the optimal strategy 6 = (0., g, 6, such that
My (t,w) = M(t,w). (17)
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The Hamilton-Jacobi-Bellman (HJB) equation associated with (14) is given below
M, + sup {(W(t)(rR(t) + Ospt104 + Os, 0,9 + 05039) + a)M,, + % [65%0,2w? +
0520,20,2pw? + O5050,03pW? + WBOspay + 052 0,2Ww? + 205050,05w? + 2w P00, +
052052 W? + 2wp005 + 2] My} = 0 (18)
To obtain the first order maximizing condition for 65",60," we differentiate the expression
above with respect to 65 and @zrespectively and equate it to zero to have

* 1,9 My, 1
0219+%19p01—u101—u20219\ My,

0" = ( (20)

2 ]
0:12(1-5) Mw
Substituting (19) into (18), we have

LaaMw? (1 5,2 2 p?
Mt + (TR(t)W + a — ﬁﬁ)MW - 519 M_WW + EW 95 0-1 (1 - 7) MWW + 95(‘“10-1 + ,1120'219 -

0,0 — 9po)wM,, = 0 (21)
Substituting (20) into (21) we have

M, + ((Ow + @ — BOIM,, + Q2 = 0 22)
Where

Q= m{ﬁhﬁﬁ + Up9%0,% — 91010, — %01920102 + %P’gzﬂazﬂz +

1 1 1 2 2 (92 1 2
5,001219111 - 5022192 - ;012.111 + 0221y (7 - 1) + 5012192 (pj - 1)} (23)

1
0'219"'51900'1—#10'1—1120'2’9\ My,

0 f= ( (24)

2 ]
012(1-5) Mww

%190'1292+2H20'2219"'2#10'10'2+l420'10'219.0+90'12#1_2190'22_2190'12_0'10'21913 Mw__gg 2(2-p2)

o - ot ey ) (25)
Our interest now is to solve (22) for M(t, w) and substitute it into (24) and (25) to obtain the
optimal investment strategy for the three assets.

6. Optimal investment strategy for CARA utility function

Assume the pension contributor takes an exponential utility function

U, W()) = M(t,w) (26)
M(t,w) = —ée-q@v(ﬂ-f@), q>0. (27)
Where q is the risk averse level

The absolute risk aversion of a decision maker with the utility described in (27) is constant.
M, = —é[Wt — f,]e"Iw®-1®) p = e=aWO-FO) M = —ge=aW®-f©) (28)

Substituting (28) into (22), we have

We = f) + (r(Ow +a— p9) = =0 (29)
Splitting (29), we have

w +1g(O)w =10 (30)
ft—a+,819+§=0 (31)

Solving (30) and (31), we have
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w(t) = woexp[ [, 7 (7) d1]
f@O=fo+(a=p9-3)t
M(t,w) = —%exp(—q(woexp[fotrR(T) dr]—fo + (a — P9 — g) t)

Proposition 1
The optimal investment strategy for the three assets is given as

1
x _ 020+30p01—1101—13029
Os" = (

2
q0:2(5-1)

1
0.F = ([Eﬁalzp2+2u202219+2u10102+u2010219p+p012u1—219022—219012—alazﬁp]) B
= _P
w

qway2(p?-2)

1

* 0'219"'519001—#10'1—#20'219

6. =1-— >
qalz(p?—l)

1
([519012p2+2u202219+2u10102+u2010219p+p012u1—219022—Zﬁalz—olazﬁp]) B

qwo1%(p?-2) w
Proof
Recall, from (24), (25) and (34), we have

1
¥ 020+70p01~ 110112029, M,,
0 = (

2 ]
0:12(1-5) Mww

O =

(32)
(33)
(34)

(35)

(36)

(37)

1 M
. ([Eﬁalzpz+2[,L202219+2u10102+u2010'219p+p012u1—219022—2190'12—alazﬁp]M—M‘;;/—Balz(Z—pz)>

woy2(2-p?)

M(tw) = ~exp(—q(woexplfy (@ dr ]~ fo + (a — B9 = 2) ©)
Differentiating M (t, w) with respect to w, we have

My, = exp(—q(woexplf, Te(e) dr ] = fo + (a = 9 - 2) 1)

My = =qexp(=q(woexp[fy (@ dr] = fo + (@ = p9 = 7))

Substituting (38) and (39) intof,“and 65", we have
* 0'219+%1900'1—ﬂ10'1—#20'219
0, = ( )

2
qo12(5--1)

1
0. = ([Eﬁalzpz+2u202219+2u10102+u2010219p+p012u1—219022—219012—alazﬁp]) B
B~ qwa,2(p2-2) w
1
. 029+59p01 ~ 1101~ 12020
QC —_ 1 - PZ -
q0'12(7—1)

1
([Eﬁalzpz+2u202219+2u10102+u2010219p+p612u1—219622—219012—610219p]) B

qwo1?(p?-2) w

Remark 1
If there is no supplementary contribution, i.e § = 0, 85" and 8, reduces to
([%190’12[)2+2ﬂ20'2219+2ﬂ1010'2+ﬂ20'10'219p+p0'12ﬂ1—2190'22—2190'12—0'10'219p])

0p," =
B qwo12(p?~2)

(38)
(39)
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1
0. % =1 029+59p01~ 1101~ 2020
¢ — 4+ 2 -
! qalz(p?—l)

([%190’12;)2+2[120'2219+2[110'10'2+[t2010219p+p0'12u1—2190'22—219012—010219p])

qwao12(p?-2)

Proposition 2
The optimal strategy for the inflation linked bond when there is no supplementary contribution
is greater than when there is supplementary contribution.

Proof
1
—190'12p2+2ﬂ20'2219+2ﬂ10102+ﬂ2010219p+p012ﬂ1—2190'22—2190'12—0'10_219p
Assume A = (2 — ) > 0and f >
qwo1?(p?-2)
0
Then

6" = A—Landg, " =4
Since 8 > 0, then
0 =A-L<a=0y"

w
Hence 65" < 05"
This is also true for ,.*

7. Discussion and Conclusion

7.1 Discussion

From remark 1 and proposition 2, we observed that the supplementary contribution have direct
effect on the proportion to be invested in cash and bond but not on stock. Also, when there is
no supplementary contribution the fund manager increases its investment in cash and bond.

7.2 Conclusion

We studied the optimal investment strategy in a defined contribution pension scheme under a
market affected with inflation and minimum guarantee. We assume the contribution process
includes the mandatory contribution and a supplementary contribution to help balance the
pension fund which is assumed to be stochastic. Also, the fund manager considers investments
in cash, stock and inflation-linked bond to maximize the expected return of his member at the
time of retirement. We used stochastic optimal control method to derived an optimized
problem. Next, we solved for the explicit solution of the optimal strategy for the three assets
using exponential utility function and found out that the supplementary contribution has a direct
effect on the inflation-linked bond and cash only.
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